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Abstract: W. Leontief once described the Input-Output (IO) model as a computable version of Walras’ General Equilibrium system; nevertheless those liaisons are seldom accepted, while the former model is more often linked to classical theories, preferably those of Quesnay’s Tableau Économique and Marx’s reproduction equations. On the other hand, the IO model has been linked to central planning, for which it has not always been welcomed in some academic and political circles, particularly those promoters of market economics. Indeed, it is not difficult to assume that Leontief’s methodology was influenced by the Soviet National Economic Balance, as well as some by other classical preoccupations. Nevertheless Leontief went to Berlin where he followed postgraduate studies and in the German speaking Universities in the early years of the XX Century, the teaching of economic theory was influenced by Cassel’s book Social Economic Theory, which presents a simplified version of the General Equilibrium model, stressing the intersectoral relations in the economy and downsizing the elements of consumer’s choice to reach a price system. This paper follows some of the theoretical discussions held in Europe at the time Leontief was a student and a young professional and was probably working on his model and finds similarities between the IO model and some of those developments.
Wassily Leontief, the Input-Output model, the Soviet National Economic Balance and the General Equilibrium Theory

Between 1968 and 1980 the United Nations promoted the modernization of the National Accounts systems and offered financial support for various less developed countries. That effort included the promotion to build an integrated accounting system in many countries, updating and completing those databases, for which many managed to publish a number of homogeneous Input-Output (IO) tables following similar and comparable methodologies (ONU, 1970). Nevertheless in the late 1980s this effort was gradually abandoned; that turn coincided with a series of market oriented reform programmes, recommended by the international financial institutions to those countries.

In Mexico, for example, in 1957 Banco de México (the Central Bank) published an IO table for 1950 aggregated to 32 sectors and in 1967 a second table for 1960, with 45 (INEGI, 1986). Further, associated to the UN programme, the Coordinación General de los Servicios Nacionales de Estadística, Geografía e Informática CGSNEGI (General Coordination of the National Services of Statistics and Informatics) published a series of square IO tables, comprising the matrices for 1970, 1975, 1978 and 1980 aggregated to 72 branches, as well as an Agricultural IO table, which disaggregated the (3) rural branches into 24 activities. That table, published in 1988 is, so far, the latest availabe, despite (unfulfilled) promises to publish a new table in 2004 and again in 2006. The latest tables available were not compatible with the former ones, in 1980 CGSNEGI prepared a methodology to homogenise the 1950, 1960 and 1970 matrices (SPP, 1980), which made it possible to analyse the structural evolution of the economy during the industrialization period.
In 1983 CGSNEGI became Instituto Nacional de Geografía, Informática y Estadística INEGI (National Institute of Geography, Informatics and Statistics). This new institution was also responsible for producing the National Accounting System (NAS). Apparently the new international economic environment, promoted by the international financial institutions, as well as the economic preoccupations of the government were closer to market oriented strategies and short term perspectives (indeed in the 1980s the development strategy shifted and industrialisation was no longer a priority for development). On top the UN cut its funding for the National Accounting System programme; hence, no further IO tables were prepared and the NAS stressed on the short run time series for macroeconomic variables (INEGI, 2006). It has been suggested that the head of the statistical office maintained that IO tables were expensive to prepare and useful to central planning; thus not very practical in a market economy. The new development strategy maintained that the new economic era should correct errors from the past and there was no room for State intervention in the economy or for overregulation of private economic activity.
After such facts, this paper argues that the IO model admits more than one interpretation due to its theoretical richness, derived from a variety of theoretical influences, to which Leontief was subject. Indeed, as Baumol (2000) argues, Leontief’s contribution is a lot more important than just an addition to former developments; it would not be surprising if the IO model draws influences from various forerunners, even if some of those might not fully agree with the major IO results. The rest of the paper is organised as follows. Section 1 presents a few relevant features regarding the Soviet National Balance as well as Leontief´s comment, both published in 1925. Section 2 deals with Cassel’s version of the general equilibrium model, which also inspired a colourful discussion in the Vienna circle about the existence of the solution to Walras’ General Equilibrium. Leontief’s model formally maintains some degree of resemblance to that of Cassel’s which might be also a precedent to von Neumann’s celebrated paper on the solution to his economic equation system. It can also be said that these two models share some formal features or even more, one can be transformed into the other changing a few assumptions. Section 3 discusses that fact and presents some considerations of the early Leontief’s IO model presented in 1937. The organization of the paper intends also to reconstruct a probable intellectual path Leontief roved from the University of Petrograd to Harvard University through his years as a postgraduate student in Berlin and as a young professional in Kiel.
1. The Soviet National Balance and young Leontief.

In 1916 P. I. Popov and V. G. Groman carried out the first Russian agricultural census which, together with some other statistical studies on demand provided the bases for food supply plans for 1916 and 1917 for a few provinces of the Russian Empire (Wheatcroft and Davis, 2005). This was not an isolated effort, since in the 1880s a group of local government statisticians drew the attention to the necessity to build reliable databases to study the relationships between production and consumption. After the Soviet revolution, Popov proposed to build a single statistical agency able to provide consistent statistics for a coordinated national plan of production and consumption which could also serve as a base for a national economic balance to trace the changes of the national economic life. The new Central Statistical Administration (TsSU) was created in 1919 and Popov was appointed head of it. In 1922 Popov presented a preliminary investigation of the national economy, concentrated in the peasant market, which was followed in 1923 by a market balance prepared by Groman, at that time a senior officer in Gosplan. Jasny (1962) takes this publication as the final Balance, although there are further works on the matter.
In 1924 A. D. Tsyurupa took office as Chairman of Gosplan who supported the relevance of a statistical data base for planning and insisted on an improved planning methodology. The central government accepted that TsSU should compile a Balance of the National Economy for 1923/24 and a preliminary one for 1924/25 (Wheatcroft and Davis, 2005). The first balance was completed and published in 1926, although some of the most important tables appeared in a volume produced by TsSU called Abrégé des données statistiques de l'URSS (Summary of the USSR statistical data), printed in Moscow in 1925 for the International Institute of Statistics in Paris (Wheatcroft and Davis, 2005). Soon after, a different approach to central planning prevailed; as a result Popov resigned as Chairman of TsSU and part of the team dispersed (Spulber and Dadkhh, 1975). In 1929 Stalin referred to the balance as “playing-about with figures” as well as useless (Wheatcroft and Davis, 2005). Nevertheless, in 1932 in the midst of fierce struggle between different approaches to central planning, a new balance or “Materials for a Balance of the Soviet National Economy 1928-1930” (Materialy) was published by TsSU now renamed Central Administration of National Economic Records (TsUNKhU) under A. I.  Petrov, who also leaded the team in charge of this new balance. Apparently the political struggle between various viewpoints concerning planning and the need to build a balance continued in the Soviet Union up to the 1950s when Soviet planners accepted the need of solid statistical bases for the job and Popov’s contributions were finally acknowledged.
Going back to the 1923-24 Balance of the National Economy, Popov stated that as a productive and distribution unit, the economy is an equilibrium system between production and distribution, between the sectors in the economy, between the elements within each sector, between the social classes and groups in the sphere of production and production (Popov, 1926a). The Balance would also offer the possibility of finding out the laws of production and realization of products in a given economy. The theoretical bases that Popov claims for the Balance are the Tableau Economique by F. Quesnay and the reproductive schemes of the capitalist economy in the II volume of The Capital by K. Marx. Indeed, Popov wrote: Marx, following Quesnay’s ideas, but rejecting his fundamental error that plusvalue is created in agriculture only, presented a scientific system of simple and enlarged reproduction of a capitalist society.

In a word, the Balance was conceived as an empirical Tableau Économique in a Marxian spirit; Spulber and Dadkhah (1975) add that applying the concept of general equilibrium and relying on the double-entry bookkeeping device, the Balance takes the form of an integrated credit-debit system of the economy; Jasny (1962) argues that Leontief brings the idea of the Balance to the modern literature under the name of Input-Output Analysis, but it is not difficult to reject such proposal, since the Balance is more an accounting system than a model of the economy. In the Balance each product is classified in strict logic keeping in mind the requirements of homogeneity. By such devise aggregation is easily reached by horizontal and vertical sums (Litosenko, 1926). In fact the Balance is a series of eighteen tables presenting the distribution of output into means of subsistence and production and of the former by industry into the same categories. The Balance considers six sectors: Agriculture, Construction, Industry, Transport, Cities and World Market, those sectors are considered both as suppliers and as consumers of goods; there are tables devoted to analyse the connections between agriculture and industry and the consumption of products of these sectors among the various “final demand” categories: Rural and urban productive consumption, individual consumption and collective consumption, as well as exports. When analysing distribution, the produced goods are classified by their rôle in the productive process: consumption goods, raw materials, fuels and capital goods (attrezzature) (Leontief, 1925). The largest and more interesting table is perhaps that of utilization of the national production between productive consumption, unproductive consumption and exports by sector (Popov, 1926b and Litosenko, 1926). The table indicates also the distribution and use of all values representing the revenues of the national economy.
Spulber and Dadkhah (1975) prepared an IO table using Popov’s figures, due to the fact that the original Balance presents a number of transactions tables not different from a standard IO matrix. Nevertheless, these authors together with Levine (1964) warn the reader about some missing features in the Balance: There are no technical coefficients tables, even if some figures are treated as proportions; the original team fails in building a “consistent and unified frame or interfirm flows and of national accounts” (Spulber and Dadkhah, 1975: p. 29) and there is no model behind the Balance. Most noticeable, the IO model postulates a clear relationship between produced inputs and outputs, which is missing in the Balance. Yet, it has been mentioned before and is worth keeping in mind that the authors envisaged the Balance as an instrument to discover the laws of production and realization of products in a given economy. It is also true that the team had not much time for further considerations or elaborations around their statistical tool and the Balance was conceived as an empirical device to show how an economy in transition could survive as long as the circular flow of the economy kept running.
The interesting part of this document for the purpose of the present paper is also W. Leontief’s comment (Leontief, 1925), which started by stressing the importance of the Balance as a numerical representation of the circular process of economic life, as a Tableau Économique. In this paper, Leontief points out that the Balance is biased towards material goods; as a result, given that the State and the services industries are not considered as generators of material goods, their activities are not measured, nor are the payments to any factor made by such sectors. Leontief mentions the difficulties such a decision can bring, when calculating value added and its relation to the concept of gross output; moreover, he criticizes the method used to calculate gross output and makes out of this a central feature of his paper; he argues, the method incurred in multiple counting of the raw materials which circulate along the various stages of the productive process; of course, the longer the process, the largest the error induced by the method. It is worth pointing out that the Balance itself contains some features which would reappear later on as preoccupations of the author, for example: the economy is understood as a system of productive sectors; the importance of the relationships between the various economic sectors;  producing goods requires produced commodities; dealing with costs of produced goods demands a neat method in order to avoid multiple counting; production generates surplus and how to handle it in the national accounts, which might be also cumbersome.
Leontief mentions that the Balance makes it clear that the Soviet economy was in a large proportion precapitalist in 1923/24; just a fraction of the agricultural output entered the market, while the largest portion was for self consumption, Despite that such a result derives from a method that Leontief considered mistaken to calculate the volume of circulating primary output, he considered the Balance an achievement for the Soviet statistics, but pointed out that it needed refinement, further methodological discussion and the publication of the methodology and related materials which would allow deeper understanding of its results.
This paper hints that young Leontief was aware of a number of issues worth mentioning, first, despite that the discussion on the planning strategy does not seem to have been so widely spread
, he manages to publish a critical article; nevertheless, it could be of interest to mention that Levine (1964) claims Leontief wrote this paper from a newspaper account while already living in Germany. Second, Leontief is clearly familiar with the Balance Marxist theoretical bases; that may point to the fact that the revolutionary ideology and theories were probably soon adopted in the Soviet Universities, thus students might have read Quesnay, the Classical English economists, as well as the Marx and Engels. Third, Leontief seems to be aware of the discussions on census and National Accounts held in English: he compares the Soviet efforts regarding the Balance to the British and US approaches to compile economic censuses in the first paragraph of the paper, implying that these do not allow to see the production as well as the distribution processes in the economy (Leontief, 1925). Fourth, he is clearly interested in accounting matters and is able to argue against the methods chosen by the authors of the Balance. All of these abilities would prove useful for the formulation of the IO model and accounting later in his life.
2. German economic theory in the 1930’s and Leontief as a doctoral student.

It is well known that in 1925 Leontief moved to Berlin and probably not only with the purpose to pursue postgraduate studies (Kaliadna and Pavlova, 2006). The chosen University was that of Berlin, where he would write a thesis
 called as his 1928 paper “Die Wirschaft als Kreislauf” (Wittich, 2006). The paper was originally published in Archiv für Sozialwissenschaft und Sozialpolitik Vol. 60 and appeared in English in an abridged translation as “The economy as a circular flow” in Structural Change and Economic Dynamics Vol. 2 pp 181-212 (1996). In those days there was a vivid debate between the German speaking economists and probably students were exposed to those discussions, thus receiving influences from various fronts.

 Heinz Kurz and Neri Salvadori have analysed thoroughly Leontief’s paper (Kurz and Salvadori, 2006) and stressed the classical features that Leontief either implies or openly deals with. It is interesting that the model presented in this article states a few assumptions, which include: two productive interrelated sectors, constant returns to scale, the existence of scarce natural resources, the fact that the economic system is indecomposable, the existence of technical coefficients, the importance of the circular flow concept to analyse the economy and the rejection of the marginalist analysis, to mention a few.
In 1918 Gustav Cassel published his Theoretische Sozialökonomie (The Theory of Social Economy) with the explicit purpose to build up the whole economic theory on the theory of prices and getting rid of that of values. That would allow avoiding “unnecessary scholastic discussions” (Cassel, 1932); the concept of marginal utility is also described by Cassel as “superfluous” in economic science and of no general validity. He mentions Marshall to criticise his consumer’s theory, as he believes a price theory suffices to explain the whole of the system. In this sense, such treatise presents a simplified version of the general equilibrium model, very much following Walras, although the author is not mentioned. Cassel postulates that the object of the economic activity is producing goods for the satisfaction of human wants, for that purpose the economic system is the sum of actions making that purpose feasible: individuals co-operate for the mutual satisfaction of their needs, which also implies conscious organization of the economic activity. The economic system includes production of goods and services as well their consumption. The economy is represented by a system of equations determining simultaneously all prices and quantities and provide a full solution in which distribution of income has no independent existence.

 Cassel dismisses non scarce goods as an object of study of economics and makes the Principle of Scarcity one of the pillars of his system. Produced goods are scarce in the sense of being available in finite amounts, determined by producers; produced goods employ scarce raw materials and factors; demand for produced goods determines the way those materials and factors are allocated. Scarce materials are valuable according to those requirements. That principle allows him not to include the concept of utility when constructing the demand theory.
For Cassel, the production process is a continuous phenomenon and deducted that the economy would reach a permanent progressive state, characterized by a uniform growth rate, very much in the sense that von Neumann would develop later (von Neumann, 1937). Considerations of dynamics, including cyclical variation, were offered as a supplement to the more fundamental economics of the static and progressive states. Arrow (1989) pairs this aspect to Leontief’s circular flow.
Cassel carefully builds a mathematical presentation for his theory of price-fixing process as a causal sequence which also clarifies the existing relationships between the various elements in his system. For a self contained community based on exchange, regardless of the existence of production, demands for goods (Di) are function of the n prices of the n commodities:

(1)  D1 = F1( p1, p2, …, pn)
        D2 = F2( p1, p2, …, pn)

…

        Dn = Fn( p1, p2, …, pn)

where  p1, p2, …, pn are the prices of the n commodities. Since demand for each good must be equal to its supply (Si), according the principle of scarcity:
(2) F1(p1, p2, …, pn) = S1
       F2( p1, p2, …, pn) = S2
…

       Fn( p1, p2, …, pn) = Sn
Cassel points out that theses series of n equations determine n unknowns, which in general suffices to solve an equation system, besides, he insists on the importance of reaching a simultaneous solution of all prices, because all markets are interrelated.
Production of new goods is limited by the scarcity of the factors of production which can be taken as given in a given period: labour, raw materials and services of durable goods already in existence (excludes capital in a broader sense). Cassel defines technical coefficients in a similar fashion to Walras (1900), as the quantities of factors needed to produce a unit of each good and they represent the technical conditions of production. As those conditions are fixed, technical coefficients are given magnitudes. If q1, q2, …, qr designate the prices of those r factors of production, the price equations for the n finished goods are now:
(3)  a11q1 + a12q2 + … + a1rqr = p1
a21q1 + a22q2 + … + a2rqr = p2
…
       an1q1 + an2q2 + … + anrqr = pn
which returns the system to equation system (1) renamed (4) with production and
(5) D1 = S1, D2 = S2, …, Dn = Ss
Once the supply of each good is known, it is possible to determine the demands for factors of production in each period as:
(6) the quantity a11S1 + a21S2 + … + an1Sn of factor of production 1

       the quantity a12S1 + a22S2 + … + an2Sn of factor of production 2

…

              the quantity a1rS1 + a2rS2 + … + anrSn of factor of production r
which are thus determined as indirect demands of consumers for factors of production. Those demands must be equal to the available factors in the given period of time:

(7) R1 = a11S1 + a21S2 + … + an1Sn
        R2 = a12S1 + a22S2 + … + an2Sn
…

        Rr = a1rS1 + a2rS2 + … + anrSn
The latter system of r equations has the r prices of the factors of production a unknowns. Cassel writes that this series of equations is sufficient for determining the unknowns (Cassel, 1932 p. 145); later on this conjecture would give room for a long discussion in the Vienna circle, around the conditions necessary for this to be true.
Once the system is solved, the products prices can be known in accordance with equations (3) and demands of the finished commodities are obtained from (4). The demand for finished products is thus an indirect demand for factors of production and prices depend upon the technical coefficients in the equations, which also represent the production conditions. The objective determinants for prices are then the amounts of factors available in the economy, which explain factor prices (q) and the subjective elements are the dependence of demand for factors upon their prices (q). The scarcity of factors relative to the indirect demand for them determine final products prices and demand for finished goods are functions of the prices of factors.
It has been stated that Cassel does not represent a theoretical improvement over Walras or Pareto (Weintraub, 1993), despite that his criticism against the marginalist viewpoint, as well as some of the features in his model are noticeable and might have been inspiring for later developments in the theory. The importance of the Theoretische Sozialökonomie though is also that it is an early textbook presenting the general equilibrium model, used and read by teachers and students just after the First World War in German speaking countries and those influenced by German culture. Apparently however, General Equilibrium models were rather a mathematician’s concern while German economists’ education was still influenced by the German Historical School, emphasising that economic phenomena were contingent upon historical, social and institutional context, thus rejecting the existence of universal economic theory
 ,
. It does not seem either that the Austrian School had much influence in the University education, which would not follow such authors as Böhm-Bawerk and Wiese and much less Max Adler, Otto Bauer and Rudolf Hilferding –the "Austro-Marxists"
. In any case, Cassel’s book was available and was reprinted in German numerous times.
It is interesting to see the existence of at least two very different positions about economics written in German before the First World War, one following a historical and experimental position and a second one, rather formal, rejecting the relativism of the German school and very much developed in Austria; there were also Scandinavian economists developing formal theoretical models writing in German, although they might not be directly related to the Austrian counterparts (e.g. Wicksell and Cassel himself); the latter schools would prove influential in the contemporary development of the economic discipline, despite that they were not very much regarded in official circles in German speaking Universities in those days. It is also of interest to consider that English speaking authors might have not been widely read in German speaking Universities; conversely, English speaking Universities to date seldom include bibliography written in languages other than English: Cassel was not relevant in the English speaking discussion, where Marshall seems to have been dominant, until Keynes challenged his views and theories; Baron’s translation of Cassel’s book fifth edition was printed in the US just in 1932. Finally, while Walras wrote in French and the Lausanne school of economics flourished on its own, including both French and Italian speaking theorists, but it is a matter for further research whether they influenced or were influenced by theories developed elsewhere in Europe. In short, it seems there were at least five viewpoints of economics before the II World War: one written in English, one written in French and three written in German. Those probably had not much communication and the interesting part in this paper is that Leontief was a student in Germany.
On the other hand, it has been emphasised the influence that Cassel had on further developments in the economic theory (Arrow, 1989, Weintraub, 1993). Indeed the Mathematical Colloquium in the Vienna circle was very much interested to establish the conditions for the general equilibrium model to have a solution, the point of departure, though was Cassel’s textbook, abandoning somehow the preoccupations of the Austrian school, but retaining its inclination to formalise and discuss in mathematical terms. At least two solutions derive from the Vienna circle, von Neumann (1937) and Wald (1934, 1935 and 1936) both versions however assume very strict conditions and the definitive demonstration by Wald was announced to appear in 1938 in Ergebnisse eines mathematischen Kolloquiums, the journal dedicated to publish the proceedings of the mathematical colloquium; the annexation of Austria by Germany and the dissolution of the Vienna circle made this impossible: Wald’s paper disappeared. It was not until 1954 that Arrow and Debreu demonstrate the theorem of the existence of the general equilibrium, now in English and including the marginalist viewpoint that Walras and the English economists had developed (Arrow and Debreu, 1954).
For young W. Leontief, Cassel’s book might have been more than just a curiosity. It probably presented a very modern and formal theory in those days; for someone educated under the Soviet regime, learning western economic theory might have been challenging and exiting. We know von Bortkiewics, Leontief’s reader of his PhD thesis, was familiar with Walras’ model (see von Bortkiewics, 1890) and might have encouraged his advanced students to read mathematical economics. In any case, a few formal features that Cassel proposes reappear in Leontief’s IO model: the use of mathematics to present his arguments, the already mentioned circular viewpoint of the productive process, the use of technical coefficients, the dual solutions for the system: prices and quantities (although Cassel stresses the former and Leontief the latter), the concept of equilibrium, which Leontief would later not develop, but was an implicit consideration in his 1928 and 1936 papers. Last, formally Cassel’s equations (3) and (7) remind of Leontief’s model.
3. von Neumann and Leontief: two related models.

Nicholas Kaldor (1989) relates that John von Neumann asked him for a book giving a formal mathematical exposition of the prevailing economic theory in the 1930s, to which Kaldor suggested Wicksell’s Uber Wert, Kapital und Rente (On Value, Capital and Rent), giving a version on the General Equilibrium model as well as the Austrian theory of capital; later on von Neumann seems to have expressed scepticism on the marginalist approach and revised Walras’ book directly.  That apparently happened while some of his summer passing through Vienna in the 1930’s, when von Neumann was already a professor in the US and visited the Mathematical Colloquium. In 1932 von Neumann presented a model on equilibrium in the US, which might have developed after reading Wicksell and Walras, as well as after attending seminars on mathematical economics in Berlin, by Jacob Marschak (Weintraub, 1993). A refined version on that paper would be presented in the Mathematical Colloquium 1936 as “Über ein Öikonemisches Gleichungssystem und eine Verallgemeinerung des Brouwerschen Fixpunktsatzes” (“On an Economic Equation System and a Generalization of the Brouwer Fixed Point Theorem”), published in the last issue of the Ergebnisse eines mathematischen Kolloquiums in 1937 and translated into English in 1945 as “A model of general economic equilibrium” (Review of Economic Studies).
As stated above, this paper presents a solution to the problem posed by the Mathematical Colloquium: under what conditions it is possible to find a meaningful solution to the existence of a nonnegative price vector in the Walras/Cassel general equilibrium model, besides of a fully model in non-aggregative capital theory (Koopmans, 1964), the explicit use of duality and the fixed-point theorem and the convexity concept for the existence proof. Some of these features had been already developed in his 1928 paper “Zur theorie der Gesellschaftsspiele” (“Towards a Theory of Social Games”) von Neumann (1928), where he proposes the language of game theory and a proof to the minimax theorem, among other things. The latter uses also a fixed-point argument to establish the existence of a saddle point for a function in a simplex: the theorem is defined within dual systems of inequalities with non-negative constraints.

 Schlesinger (1933) had suggested transforming Cassel’s system into one that included non scarce factors of production and admitting inequalities. It was pointed out in the Mathematical Colloquium that counting equations and unknowns was not enough to reach a nonnegative price vector which cleared the markets.  Wald offers the solution to this model in three different papers in 1934, 1935 and 1936 and the missing 1937 lost article (Weintraub, 1993). von Neumann’s model develops an independent proof to the theorem of the existence of an equilibrium in an ever expanding system.
Thus von Neumann’s purpose is to develop a solution to a system with n goods that can be produced by m processes (m > n) which admit joint production and employ non scarce factors. The problem is the choice of processes to be employed and finding the prices for the goods. Indeed the productive processes demand factors as well as produced commodities as inputs; thus productive processes are circular, but not all of them are profitable under the equilibrium price vector (von Neumann, 1937). Further assumptions are (following the original numbering): (b) processes observe constant returns to scale, (c) factors are available in unlimited amounts, (d) goods are consumed within the productive processes only; including satisfying the needs of workers and entrepreneurs, hence the whole of surplus is reinvested, (e) every process produces apart from the intended good, at least some depreciated capital good, (f) all processed have a uniform time duration, (g) every process admits joint production and it can be added that (h) processes are additive.
In the model each process i can be represented as follows:

(1) 
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where aij indicates the use of good jas an input in process i and bij stands for production of good j in that process i. 

Each process is employed with some intensities xi, i = 1, …, m , yj is the price of good j ; α is the rate of expansion of the system and β is the rate of interest. The equations of the economy are:

(2) 
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xi ≥ 0
(4) 


yj ≥ 0
(5) 
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(8’) if >, then xi = 0

The unknowns in the problem are: (1) the intensities x1, …, xm, of processes P1, … , Pm; (2) the rate of expansion of the system (α); (3) the prices y1, …, ym of goods G1, … , Gm; (4) the interest factor (β). Two further conditions are added: It is not possible to consume more of a good Gj than is being produced; if however there is excess production, Gj becomes a free good and its price yj is zero and: No process makes positive profits, but if a process Pi is unprofitable, it will not be used; its intensity xj is zero.

There are thus m+n unknowns and m+n inequalities, but von Neumann warns the reader, such circumstance does not mean there is a solution. It is also noticeable that the model deals with dual sets of equations, the primal referred to quantities and the dual to prices; von Neumann postulates that α, β are uniquely determined by xi and yj,  for which coefficients aij, bij, in equations (7), (7’), (8) and (8’) are such that aij + bij > 0 in order that the economy does not break into disconnected parts Hence, the existence of equilibrium is equivalent to the existence of a saddle point of Φ(x, y’) = α = β. In other words, von Neumann demonstrates that in equilibrium the system expands at a uniform rate equal to the rate of interest. In order to show this result, he presents also a generalization to Brouwer’s fixed-point theorem, which, nevertheless has proved to be unnecessary for the purpose of the article (Weintraub, 1993)
.

In the meantime Leontief had graduated from Berlin in 1928 and moved to Kiel to join a department researching statistical economics and trade cycles, by Prof. Bernhard Harms recommendation (Wittich, 2006)
. Many at the Institut für Weltwirtschaft (Institute of World Economy) under Adolf Löwe were interested in explaining the business cycles, emphasising analysis on the long run and structural change (Hagemann, 1999). In effect for Löwe (1926) and the Kiel school business cycles are explained by the interaction between the different sectors in the productive structure as well as by technical change and the unbalanced growth of the various sectors. Many of the Kiel researchers used Marx’s schemes of reproduction to analyse capital formation and the relationships between sectors. However the team at the Institute was dismantled in 1933.
Later on, though Leontief would move to the US to take a position at Harvard University where he would develop his IO model (Leontief, 1936 and 1937). In his 1936 paper, Leontief states his intention to present a Tableau Économique of the US for 1919 on the bases of the availability of data; he defines the interdependence among the various parts of the economic system as the foundation of economic analysis. Surprisingly though, Leontief does not mention any other precedent, apart from Quesnay. The paper explains the construction of a double entry transactions table in an economy from the expenditure-revenue account in the National Accounting System. That table shows how agents and their accounts are interconnected in the economic system and also for its construction, Leontief warns, some simplifying assumptions must be made; once the statistical principles are stated, Leontief explains the actual construction of the table for the US economy.

A more elaborated paper is that of 1937, here Leontief states that the paper is an attempt to apply the theory of general equilibrium to an empirical study of interrelations among the different parts of a national economy. Despite that in this paper the Tableau Économique is not mentioned, again, the preoccupation on the interdependence between sectors is stated. In this paper Leontief praises the general equilibrium theory as enabling to taking into account the network of interrelationships between sectors, which transmit “ (…) impulses of any local primary change in to the remotest corners of the existing economic system.” (Leontief, 1937, p. 110). It is also worth mentioning that Leontief dismisses a “partial equilibrium viewpoint” maybe because in the English speaking world Marshal’s theory was prominent; his arguments are about the inability to deal with the complexity of an economic system with so many variables.
The model Leontief presents in this paper is as follows
: Linear equations I describe the fact that total output (quantities) in each industry equals the sum of its products consumed by other industries:
(I)

-X1+x21+x31+…+xi1+…+xn1=0

 x12-X2+x32+…+xi2+…+xn1=0

 x13+x23-X3+…+xi1+…+xn1=0

…

 x1n+x2n+x3n+…+xin+…-Xn=0

(sic)
Equations IIa state that the former is also true in value terms (price times quantities)
(IIa)

-X1P1+x12P2+x13P3+…+x1iPi+…+x1nPn=0

x21P1+X2P2+x23P3+…+x2iPi+…+x2nPn=0

 x31P1+ x32P2-X3P3+…+x3iPi+…+x3nPn=0

…

 xn1 P1+xn2P2+xn3 P3+…+xni Pi +…-Xn Pn =0

where Pi are the prices of the products produced in the n industries. Equations IIIadescribe the production functions in each industry, having chosen a rigid form with fixed coefficients: “the amount of each cost element is assumed to be strictly proportioned to the quantity of output… we describe the technical setup of each industry by a series of as many homogeneous linear equations as there are separate cost factors involved:
xi1=ai1Xi, xi2=ai2Xi, …, xin=ainXi 

… Following his (Walras) terminology, the constants ai1, ai2, …, ain, … will be referred as the “coefficients of production.” (p. 111) Leontief explains that the choice of such production functions allow him to reject the marginal productivity theory, excluding technical substitutability of factors in any production process. The cost of that, of course is that the isoquants become rigid L-shaped. Another way to deal with this assumption could have been to accept substitutability of factors but limiting his analysis to one period of time, while the entrepreneur could not change his technology (keep at the same point of the isoquant) and maintaining relative prices fixed, for which marginal productivity would be irrelevant: the entrepreneur would not change his choice of technology as long as the equilibrium conditions would remain unchanged.
This early IO model is closed, household consumption is just industry n, very much in the sense von Neumann proposed. That industry offers “services” and changes in coefficients an1, an2, … ann indicate changes in real wages –and thus in consumption patterns. Surplus then is related to savings and investment. These variables are now included in the model, which alters equations (IIa) and (IIIa) because an industry where investment takes place will show larger expenditure to revenues as well as changes in the technical coefficients. Finally, however, it is possible to obtain a system of linear equations to solve prices:
(IV)

-A1P1+a12P2+a13P3+…+a1iPi+…+a1nPn=0

 a21P1+A2P2+a23P3+…+a2iPi+…+a2nPn=0

 a31P1+ a32P2-A3P3+…+a3iPi+…+a3nPn=0

…

 an1 P1+an2P2+an3 P3+…+ani Pi +…-An Pn =0

not very far form Cassel’s equations (3). This is a homogeneous system, for which ∆A = 0 and the system is circular, it requires goods to produce goods. Moreover, Leontief observes: the remuneration for services supplied by households is limited by the productivity of the system; therefore, a rise or a fall of productivity derives in changes in the consumption coefficients:
(V)





∆(An)  = 0

and prices can now be written as:
(VI) 
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where ∆1i and ∆11 represent minors of ∆. Prices then are relative only and sector 1 price is the numéraire.
The model determines quantities in an analogous fashion, from a linear homogeneous equation system and the solution yields a vector of relative quantities. Furthermore, as Leontief rejects the idea of fixed amounts of primary factors, for which it is not possible to find absolute values. Here it must be mentioned that the coefficient matrix includes also savings-investment factors, for which the determinant can be written as:
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Bnβ stands for the savings coefficient, it is the ratio between total revenue and total purchases of the consolidated household account and it adjusts itself so as to make D = 0. For which

(VIII) D(β) = 0

If all Bnβ = 1, D = ∆ and the system finds the same conditions to solve prices and quantities at the same time. Again, if sector 1 quantity is the numéraire, relative outputs are solved as:
(IX)
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D.. are minors from D, Ai and Bi are coefficients.
In short, Leontief presents a model of the economy as a system of independent but interrelated industries producing commodities by means of commodities, including service factors provided by households. The centrepiece of the model is a double entry matrix based upon the circular interdependence of production and demand: productive units purchase inputs (factors included) in order to carry out production; by means of those transactions firms and households receive income, which in turn is used to purchase goods supplied by the producers. In the model, distribution is taken for granted and focus on the productive processes. It is assumed the existence of homogeneous technologies to produce homogeneous goods.
The set of assumptions implied or explicit in the model are as follows:

1. Each productive process takes a unit period of time to produce.
2. Outputs are used either as investment goods or as inputs in the following productive process.
3. Each productive process i is described by the amount of each good (and factor) consumed in the productive process.
4. There are n industries, n employed processes and n produced goods; each industry utilizes one process to produce an homogeneous good.
5. Each technique is expressed as a linear production function homogeneous of degree 1, implying constant returns to scale. The intensity of operation of one process determines the level of output in the industry.
6. In equilibrium total output equals demand for each good. Analogously, total costs of production equal total output for each industry.
7. In equilibrium the price of one unit of output is given by the sum of costs of the set of inputs employed.
8. Prices and quantities are dual solutions of the system.
9. The level of output is either determined by demand of supply, in the first case, supply is elastic to demand, given the technology. In the second, the desired level of revenue for each producer is matched by the desired sales of each industry. Demand is elastic to supply.

The model defines a space of dimension n of the n demanded goods linearly transformed into n goods produced as outputs by the n industries employing n linear technologies. Ruling out technical change (in the short run) the model yields steady state solutions either if the system reproduces itself at the same scale or if all sectors grow at the same rate, for which technical coefficients are constant.
It is perhaps not far fetched to think of Leontief and von Neumann models are related somehow. On the one hand, they draw influences from closely linked theoretical discussion and respond to similar preoccupations; on the other, the authors might have had access to similar literature if they were reading the most up to date discussions in their time. Finally, observing the latter list of assumptions in the Leontief model, it is not too difficult to find also those considered by von Neumann. The most serious difference though, may be that the latter considers a set of activities having at their disposal a number of technologies that admit joint productions, while the IO is concerned with industries employing homogeneous technologies in order to produce single homogeneous goods. Yet, activities can be transformed into industries under alternative aggregation criteria and von Neumann rectangular matrices become square if, on top, joint production is ruled out, which allows solutions as an IO model. Along this line of reasoning, Leontief did not pay much attention to the choice of technology by the entrepreneur, maybe because, faithful to the Soviet Balance precedent, he was much more concerned with empirical facts rather than with theoretical possibilities and the IO table is, after all, a statistical reality making it possible to discover the laws of reproduction in a capitalist economy. Another issue is that Leontief does not develop his price side model much further and stresses the quantity solution. Even if the duality of the model faded out, it has always been there (Augusnovics, 1970, Ghosh, 1958, Dorfman, Samuleson and Solow, 1958).
The IO model presented by W. Leontief in 1937 is quite complex and shares features with many different schools of thought. The model probably reflects also the different academic environments where Leontief grew intellectually. It is also true that Leontief first read for a degree in the Soviet Union, a country very much influenced by the German culture before the Revolution in 1917; later on he read for his Doctoral degree in Berlin. Leontief was probably very much influenced by the academic discussions around him and certainly very much was happening in the 1920s and 1930s around various issues, many of which faded in the Post-war period, after so many scholars emigrated to the US. Nevertheless, many of those developments have proved influential afterwards, although under a different perspective.
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�  Although I do not have the exact figure for the Balance, it might be useful to consider that Materialy’s first edition comprised 500 copies and was meant for official use only. (Wheatcroft and Davis, 2005).


� I am grateful to Faye Duchin for help and concern when I approached her asking for Leontief’s PhD thesis. I hope to be able to work on that soon.


� I am grateful to Prof. Weintraub for this comment on the education of economists in Europe in the early XX century.


�  The Historical Setting of the Austrian School of Economics Ludwig von Mises Copyright 1984 by The Ludwig von Mises Institute. Arlington House. http://www.mises.org


� The Historical Setting of the Austrian School of Economics Ludwig von Mises Copyright 1984 by The Ludwig von Mises Institute. Arlington House. http://www.mises.org


� Indeed modern textbooks on the existence of the General Equilibrium use much simpler Kakutani’s fixed-point theorem.


� I am grateful to Prof. Claus Wittich for providing me with this information as well as with Leontief’s thesis Die Wirtschaft als Kreislauf submitted to the University of Berilin in 1928.


� The notation is slightly changes to a modern format
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